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THEOREM ON UNIFORM CONTINUITY OF
NEWTON POTENTIAL

Abstract: Newton Potential j K,(z;$)dy(¢) is important in the theory of

subharmonic and &-subharmonic functions. Classical properties were
presented in many monographs, for example, in the works of N. S. Landkoff and

V. S. Azarin. The paper considers the case: measure » in the plane. For any
z € Cwe consider the Newton potential as an element of the spaces L, (y; C). In
this article we give a sufficient condition on a measure  the function
ij(z;g)dy(g) eL, (y; C) to be uniformly continious in the parameter z in C.

Key words: Newton potential, Borel measure, uniform continuity, Minkowski

inequality, Lebesgue measure.
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TEOPEMA O PABHOMEPHOM HEITIPEPBIBHOCTH
IHOTEHIIUAJIA HBIOTOHA

Aunorauusi: Iloreniman Herorona _[Np(z;g)dy(g) WUIPAcT BAXKHYKO pPOJIb B

Teopun  cybrapmoHumyeckux W delta-cyOrapmMoHMueckux — (QyHKUUH.
Knaccuueckue cBoiicTBa OBLIM MpenCTaBICHbl BO MHOTMX MOHOIpadusx.
Otmetnm, yto A.@. ['prmve u A. llyuru n3ydnim ciryyad, KOrjaa Mepa y €cTb
orpannueHue Mepsl Jlebera Ha momymiuockoctu. B pabore paccMarpuBaercs

ciydail: Mepa y B 1wiockoctH. Jnms moboro z € C Mbl paccMarpuBaem
norennuan Herotona xak smemenT npoctpancts L, (y; C). B oroii craThe
MPUBOAUTCS JOCTAaTOYHOE YCJIOBHE HAa MEpPy y IS TOro, 4TOOBl (yHKIIMS

IKp(z;g )dy({) eL,(y; C) Oblna paBHOMEPHO HENPEPHIBHOM IO MapaMeTpy z B

C.
KuaroueBbie ciaoBa: noteHnuan HproToHa, OopeneBckas Mepa, paBHOMEpHas
HEIPEPHIBHOCTh, HEPABEHCTBO MHUHKOBCKOTO, Mepa Jlebera.

The theory of generalized functions is a basis for progress in many areas of
mathematics and finds extensive applications in physics. One of the subdivisions
of mathematics which is strongly influenced by the theory of generalized
functions is the theory of subharmonic functions. Using generalized functions
Azarin [1] constructed a theory of limit sets of subharmonic functions and
measures, which is a significant contribution to the theory of subharmonic

functions.
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We will use the following notation:
B(zy;R) ={z €C:|z—2,|<R};CB(zy;R) =C/ B(2,R).
In the theory of subharmonic and s -subharmonic functions in the plane C,

an important role is played by the kernel:

Re(ln(1—£j+£+...+lz—pj
N,(z:{)= &) ¢ ps’),
In|z—¢|
where p € N. For all z, £ e C we have the inequality ([8], Lemma 2):
2 { 2 I}

N, (z;£)| < M(p)-—=min @

Mo M rmin e
where M(p) depends only on p. Let » be the Radon measure in C . We consider

the following potential

N(z) = [N, (z:)d¥(C),

which we shall call the Newton potential of the measure » .
In this paper, we consider this Newton potential N(z) as a map from the

space C into the space L (C;dy(¢)). In this case, we can write K(z):C — L ().

In the present paper we find sufficient conditions on a measure » with
support compactly embedded in G that guarantee the convergence in the space
L, (»;C) of sequences of subharmonic functions that converge in the sense of the
theory of generalized functions.

The uniform continuity of these functions is a restriction on the measure y
which appears in the theorems that are the principal results of the paper. It is
important for what follows that the dependence of N(z) be uniformly
continuous.

Theorem. Let m > 1 be an arbitrary fixed number. Suppose that  is a
positive finite Borel measure with compact support that satisfies the condition

supp y < C. In addition, suppose that
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sup{ [ IN@OI dy(g):ZEC}aO; ()

B(2:0)
(6—0).
Then the function K(z):C —L_ () is uniformly continuous with respect to the
variable z in the space C.
Proof. We divide the proof into several stages.

1. Since we have

N, (z;,{)= Re[ln(l—?j]+ Re(é+...+%2—2]= In

Obviously the function K (z;£):C —L,(») is uniformly continuous with respect

z
1-=|+N Yz;0).
C+ . (z:6)

to the variable z in the space C.
2. We set

1p

w(zl:zz){junlz1—§|—|n|z2—§||"dy(§)} ; F(z)=(j|ln|z—;||pdy(§)}

We do this at the first stage. It follows from the Minkowski inequality that

F(z)s( | |In|z—§||"dy(¢)} +[ | |In|z—§||pdy(4>} =3+,

B(z;:6) CB(z;6)
where CB(z;6)=C\B(z;0).

We prove that the inequality
1
In|z-¢||<In=
Injz—-¢ < ns ()
holds for sufficiently small 5 and for ¢ < (supp»)NCB(z;5). From the inequality
(3) we obtain that J, < In%(;/(C))ﬂp. By the hypothesis of the theorem, J, <1 for

sufficiently small 5. Hence, F(z) is finite. What has been proved can also be
stated as follows: for any ze< C the function K(z) is an element of the space
L,(»). The inequality w(z;;z,) <F(z)+F(z,) impliesthat y(z;z,) is finite.

3. We prove that the inequality
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v, In|z—§|‘£%. (4)

holds for |z-¢|>6.

f

X 772;(In|z—§ 2-cf

[2-¢]

From these estimates it is easy to obtain inequality

Vglnlz—§|:((ln|z—§|)"7)2+((In|z—§|)rrj2:: 1 s%.

Thus the inequality (4) is proved.

Let z=x+iy; £ =5 +ir we have (|n|2—§|)’,, ==

4. This is the most essential part of the proof. We claim that
w(z;z,) >0 (z—>2z,).
Let & be an arbitrary number. We assume that the inequality |z-z,|<&

holds. Consecutive application of the Minkowski inequality [4] and the

inclusion B(z,;26) = B(z;35) Yields

w(z;zo)s£ | |In|z—;||pdy(c)] { | |In|z—§|—ln|zo—¢||”dy(;)j +

CB(z;30) CB(zy;26)
Up
[ NIz P drQ) | =3+ 3,43
CB(z;29)

If & ¢B(z,;25) and |z—z,|<§, then the inequalities |w-¢|>¢ and
V. In| z—g””s% hold for any we B(z,;|z-z,)).

The estimate of the gradient implies that

1 1
In| z—g“|—|n|zo—cj||£g|z—zo|;J2 sg(y(c))ﬂp|z—zo|.

From the hypothesis of the theorem we obtain that
J,—0, J;,—>0 (60,
which proves the required assertion.

The collection of assertions that we have obtained is contradictory. Thus

the theorem is proved.

"MupoBasi Hayka'' Ne3 (60) 2022 science-j.com



References

1. N.S. Landkof (1966), Foundations of modern potential theory, GRFML,
Science.

2. Azarin V. S. (2009), Growth theory of subharmonic functions
Birkhanser, Basel, Boston, Berlin.

3. AF. Grishin, Nguyen Van Quynh, L.V. Poedintseva (2014),
Representation theorems of & -subharmonic Functions, Visnyk of
V.N.Karazin Kharkiv National University. Ser. "Mathematics, Applied
Mathematics and Mechanics, No.1133. — P. 56-75.

4. Kadets, V.M. (2006), A course of Functional Analysis, Kharkov National
University.

5. ] Van Quynh Nguyen (2015), Various Types of Convergence of
Sequences of Subharmonic Functions, Zh. Mat. Fiz. Anal.
Geom,Volume 11, Number 1, 63-74.

6. A.F. Grishin, A. Chouigui (2008), Various types of convergence of
sequences of §-subharmonic functions, Math. sbornyk. No. 199 , 27-48.

7. L. H'ormander (1983), The Analysis of Linear Partial Di®erential
Operators. Il. Differential Operators with Constant Coefficients. Springer
-Verlag, Berlin, Heidelberg, New York, Tokyo, 1983.

8. Levin B.Ya. Distribution of zeros of entire functions. / B.Ya. Levin — M
.. GITTL. - 1956. - 632 p.

9. Nguyen Van Quynh, Theorem on uniform continuity of Logarithmic

potential, Visnyk of science and education, Issue 5 (59), 6-10p.

"MupoBasi Hayka'' Ne3 (60) 2022 science-j.com



